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When the topology of the universe is non trivial, it has been shown that there are constraints on
the network of domain walls, cosmic strings and monopoles. I generalize these results to textures
and study the cosmological implications of such constraints. I conclude that a large class of multi-
connected universes with topological defects accounting for structure formation are ruled out by
observation of the cosmic microwave background.
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The question of what generated the initially small cos-
mological inhomogeneities responsible for the large scale
structures observed in the universe is still open. Two
main families of models able to explain the origin of these
inhomogeneities are currently investigated :the inflation-
ary scenarios [1,2] find their origin in the amplification,
due to accelerated cosmic expansion, of quantum fluctu-
ations and, in the topological defect (TD) scenarios, they
are seeded by TD which can appear during a spontaneous
symmetry breaking phase transition [3,4]. Inflationary
models seem more promising that currently investigated
defect models and future observations of the anisotropies
of the cosmic microwave background (CMB) radiation
by the MAP [5] and Planck [6] satellite missions, should
discriminate between these scenarios.
When computing the CMB anisotropies in both fam-
ilies of models, it is usually implicitly assumed that the
spatial sections of the universe are simply connected.
There are however many reasons for considering multi-
connected universes (see e.g. [7,8]). Such “small uni-
verses” [9] have the same local geometry and dynamics
as simply-connected Friedmann-Lemaˆıtre universes but
different global structure. There are observational con-
straints on the characteristic size of such universes from
the non detection of multiple images in cluster catalogs
[10]. In locally euclidean or spherical universes with a
non trivial topology, there must exist a long wavelength
cut-off in the temperature anisotropies of the CMB. The
non-detection of such a cut-off allows the exclusion of
flat universes with multi-connected spatial sections [11].
This was generalized to a non-compact, infinite volume
hyperbolic topology describing a toroidal horn [12]. This
method does not necessarily apply to universes with com-
pact hyperbolic spatial sections [13] since they can sup-
port perturbations with wavelengths larger than the cur-
vature scale. Recently, it has been shown that the topol-
ogy can have a precise signature on the microwave sky
[14] : since the observed last scattering surface is a 2-
sphere, it will intersect itself along circles if the topology
is non trivial. The number, size and orientation of these
matched circles is a signature of the topology. Most of the
conclusions drawn from the CMB rely on the fact that
the perturbations were produced during an inflationary
phase. It is thus of interest to wonder if they hold in pres-
ence of TD since they will go on seeding perturbations
and for instance generate low multipoles by a perspec-
tive effect. Let me emphasize that TD appear in a lot
of extensions of the standard model of particle physics
and that they can affect the small CMB multipoles and
change the conclusions drawn on the topology from the
study of the CMB even if they cannot explain the whole
CMB spectrum.
In this article, I want to show that in a wide class of
multi-connected universes, TD cannot account for struc-
ture formation. I will concentrate on universes with com-
pact hyperbolic spatial sections. Such universes have
a remarkable property that links topology and geome-
try : the rigidity theorem [15] implies [7] that geometrical
quantities such as the volume, the lengths of its closed
geodesics etc. are topological invariants. Thus once the
topology of the spatial sections and the cosmological pa-
rameters have been chosen, the cosmological model is
completely determined.
I first recall the No-defect conjecture [16] and gener-
alize it to textures. I then discuss the cosmological im-
plication of this result. For that purpose I show that
there exists a cut-off in the angular power spectrum of
the CMB temperature anisotropies. This cut-off depends
only on cosmological parameters and on a topological in-
variant of the spatial sections.
I. CONSTRAINTS ON THE TD NETWORK
The appearance and the nature of TD during a phase
transition depend only on the topology of the vacuum
manifold G/H when a larger group G is broken down
to a smaller group H [3]. If π0(G/H) 6∼ {0} then do-
main walls might form while cosmic strings, monopoles
and textures appear respectively if π1(G/H) 6∼ {0},
π2(G/H) 6∼ {0} and π3(G/H) 6∼ {0}, πn being the nth
homotopy group. Moreover, depending on whether the
broken symmetry is local (i.e. gauged) or global (i.e.
rigid), the defects will be called “local” or “global” [4].
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For local defects, the energy is strongly confined and
there is a considerable gradient of energy which implies
that there are no long range interactions between them
whereas for global defects the energy is spread out over
typically the horizon scale. I refer to the horizon size
as the size of the particle horizon [17], i.e. of causally
connected regions.
The manifold M describing the universe is assumed
to be globally hyperbolic so that M = Σ × R and that
the spatial sections Σ are orientable, locally homogeneous
and compact. They can then be described by their fun-
damental polyhedron P , which is convex and has a finite
number of faces identified by pairs, together with the
holonomy group Γ. For compact euclidean 3-manifolds
(e.g. 3-torus) P may possess arbitrary volume, but no
more than eight faces [7]. For compact hyperbolic 3-
manifolds, as stressed in the introduction, the volume of
P is a topological invariant. I will denote r+ the out-
radius, i.e. the radius of the smallest geodesic ball that
contains P . These quantities can be found by using the
program SnapPea [18].
P. Peter and myself have shown in [16] that if we as-
sume that the field theory is not twisted [19] and if the
characteristic lengths of P were smaller than the hori-
zon size today, the constraints imposed by the global
topology on the TD network imply that extended defects
(namely strings and walls) do not exist today.
This result can be generalized to textures. They are
field configurations that contract and unwind producing
points of higher energy at given points of the spacetime
[20] . The network of such defects is not constrained by
the topology in the same manner as monopoles, strings
and walls. In a simply-connected universe, this unwind-
ing of the field configuration is a continuous process.
However, when the topology is non trivial, there is a time
after which all scales have entered the horizon, i.e after
which the entire spatial sections are causally connected.
Thus, the finiteness of the spatial sections implies that
there is no texture left and that no inhomogeneities are
seeded after a given time. This result is new and was not
contained in our previous analysis [16].
II. IMPLICATIONS ON THE CMB
In this section, I first compute the time, ηdisp, after
which all TD have disappeared as well as the angle sub-
tended by the fundamental polyhedron at ηdisp. I then
estimate the angular power spectrum of the CMB tem-
perature anisotropies on large scales and compare it qual-
itatively with COBE observations.
A. Lifetime of the TD network
I restrict myself to Friedmann-Lemaˆıtre universes. The
spatial sections Σ are thus homogeneous and isotropic
and the line element reads
ds2 = a2(η)
{−dη2 + dχ2 + sinhχ2 (dθ2 + sin θ2dφ2)} ,
(1)
where a is the scale factor and η the conformal time. In
a matter dominated universe, a(η) is given by (see e.g.
[21])
a
a0
=
Ω0
2(1− Ω0) (cosh η − 1) , (2)
where Ω0 is the density parameter and all present time
quantities have a subscript 0. The comoving Hubble ra-
dius is then given by
RcomH ≡ 1/H = (cosh η − 1) /sinh η, (3)
H being defined as H ≡ a′/a and a prime being a deriva-
tive with respect to η. The Friedmann equation takes
the form
H2(1− Ω) = 1. (4)
Comoving lengths being normalized to units where the
curvature radius is unity, the “physical” length today is
then given by
Lphys0 ≡ a0Lcom = H−10 (1− Ω0)−1/2Lcom, (5)
where H0 = H0/a0 is the Hubble parameter. I introduce
the redshift z by the relation
1 + z ≡ a0/a. (6)
Assuming that the universe is matter dominated at least
since the last scattering surface means that the equal-
ity (subscript eq) occurs before the decoupling (subscript
LSS), i.e. that zeq > zLSS which requires (see e.g. [21])
that Ω0h
2 > 0.052.
Since the equation of radial null geodesics is given by
dη = ±dχ, (7)
the comoving particle horizon radius is (assuming a big-
bang at η = 0) χcomhorizon(η) = η. Then, the fundamen-
tal polyhedron has completely entered the horizon when
χcomhorizon(η) = r+, that is when
η = ηin = r+; zin =
2(Ω−10 − 1)
cosh r+ − 1 − 1. (8)
P is still outside the horizon today if
zin ≤ 0⇐⇒ r+ ≥ arg cosh (2Ω−10 − 1). (9)
Once P has entered the horizon, it takes a time of order
r+ for the TD to completely disappear (i.e. for the cosmic
string loops to decay, for the texture to unwind etc.) so
that one approximatively has that
2
ηdisp ≃ 2r+; zdisp ≃ 2(Ω
−1
0 − 1)
cosh 2r+ − 1 − 1. (10)
I now estimate the angle Θ under which the sphere of
comoving radius r+ located at a redshift z is seen. For
that purpose, I have to introduce the angular diameter
distance R
A
defined by the relation (see e.g. [22])
dS0 ≡ R2
A
dΩ0, (11)
where dΩ0 is the solid angle substended by a bundle of
null geodesics diverging from the observer and dS0 the
cross-sectional area of the bundle at the point that is
observed. When the distortion is not large (which the
case in a Friedmann-Lemaˆıtre universe), R
A
is related to
the observed angular diameter Θ of some object whose
comoving diameter 2r+ is perpendicular to the line of
sight by [22]
Θ(z) ≃ 2r
phys
+
R
A
(z)
= (1 + z)−1
2rphys+0
R
A
(z)
. (12)
In a pure matter universe, R
A
(z) can be computed (see
e.g. [21,22]),
R
A
(z) =
2
[
z + (1− 2Ω−10 )(
√
1 + Ω0z − 1)
]
H0Ω0(1 + z)2
. (13)
From (5), (10), (12) and (13), I deduce that the angle
under which the fundamental polyhedron is seen at the
time all the TD have disappeared is
Θdisp ≃ Ω0r+√
1− Ω0
1 + zdisp
zdisp + (1− 2Ω−10 )(
√
1 + Ω0zdisp − 1)
.
(14)
This formula is the keystone of the following discussion.
B. CMB anisotropies
I now estimate the CMB anisotropies in models
where the fluctuations are generated by TD in a multi-
connected universe at large angular scales to see if they
can reproduce their observed behaviour.
Neglecting the thickness of the last scattering surface,
which is an excellent approximation for the long wave-
length modes, the temperature anisotropies generated by
the scalar modes. can be found by integrating the photon
geodesics between the last scattering surface and their re-
ception (see e.g. [23]),
δT
T
(~n) =
[
1
4
δγ + n
i∂iV +Φ+HV
]
LSS
+
∫ 0
LSS
(Ψ′ +Φ′)dη.
(15)
δγ and V are respectively the photon density contrast
and the baryon velocity perturbation in comoving gauge,
Φ and Ψ the two gravitational potentials in newtonian
gauge [24] and ~n the direction of observation. The first
term will be refered to as the intrinsic Sachs-Wolfe term
and to the second term as the integrated Sachs-Wolfe
term.
The multipole moments Cℓ of the angular power spec-
trum of the CMB anisotropies are related to the temper-
ature two point correlation function according to
〈
δT
T
(~n1)
δT
T
(~n2)
〉
~n1.~n2=cos θ
=
∑
l
(2ℓ+ 1)
4π
CℓPℓ(cos θ),
(16)
where the Pℓ are the Legendre polynomials. The brack-
ets denote an average on the sky, i.e. on all pairs (~n1, ~n2)
such that ~n1.~n2 = cos θ. Since the ℓ
th Legendre polyno-
mial has 2ℓ zeros in [−π, π] with approximatively equal
spacing, I can estimate that a parameter ℓ corresponds
to an angular scale of θ ≃ π/ℓ.
Observationally [25], there is the so-called “Sachs-
Wolfe plateau” for small ℓ, i.e. the Cℓ behave as
Cℓ ∼ Aℓ−1(ℓ+ 1)−1, (17)
A being a constant. I now focus on this plateau.
Given a model of generation of the cosmological per-
turbations, one can compute the Cℓ and compare with
the observations. For that purpose, all these perturba-
tions should be decomposed on the eigenfunctions Qklm
of the Laplacian (see e.g. [26]). I must emphasize here
that in general these eigenfunctions and eigenmodes are
not known on an arbitrary topology [13]. I will then make
a “semi-topological” approximation consisting in taking
into account the constraints from the topology on the
perturbations by the fact that the TD have disappeared
after ηdisp and treating the manifold as simply-connected
to compute the Cℓ.
Let us compare the different contributions in (15) for a
TD model in a (Ω0 < 1)-universe. On large scales, the in-
tegrated Sachs-Wolfe term is the dominant contribution
and has two origins. The first one comes from the fact
that the TD interact with the matter between the last
scattering surface and today, the second one is specific to
non-flat universes where the gravitational potentials are
not constant on superhorizon scales [24,27].
In defect models, the Sachs-Wolfe plateau is recovered
from the integrated Sachs-Wolfe term [28]. The time evo-
lution of the potentials [Φ′+Ψ′ in equation (15)] is driven
by the perturbations seeded by the defects between the
last scattering surface and us (see e.g. [29] for a discussion
of the dominant terms). In a simply-connected universe,
the process of decay and motion of the TD on the line of
sight is continuous up to now and enables to recover the
behaviour (17) [28].
Now, in a multi-connected universe, there is no TD left
after ηdisp, and thus no perturbations can be seeded on
scales larger than Θdisp. This induces an approximate
cut-off in the Cℓ at
3
ℓmin(Ω0, r+) ∼ π/Θdisp. (18)
Using (14) and (10), the value of ℓmin can be estimated
once the topology of the spatial sections is known, i.e.
r+ (e.g. r+ = 0.7525 for the Weeks manifold and
r+ = 0.7485 for the Thurston manifold) and the density
parameter Ω0. According to the value of (Ω0, r+), it can
be seen from Fig. 1 wether TD can explain the Sachs-
Wolfe plateau or not. The existence of a cut-off ℓmin is
in obvious contradiction with COBE observations (17)
when ℓmin > 1.
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FIG. 1. Level lines ℓmin = (1, 2, 4, 6, 8, 10) computed from
(18) and (14) for the smallest CMB multipoles that can be
generated in a universe with density parameter Ω0 and out-
radius r+ in a theory where the perturbations are generated
by TD. Note that this can only be an approximate guide.
III. CONCLUSIONS
In this article, I have studied models where cosmo-
logical perturbations are generated by TD in a multi-
connected universe. Given a cosmological model, i.e.
(Ω0, r+), it can be concluded (modulo the approxima-
tions I have used) from Fig. 1 whether or not TD can
account for the Sachs-Wolfe plateau observed by COBE.
In a wide class of multi-connected universes, although TD
may appear, they cannot explain COBE observations.
The conclusions rely on an important property of com-
pact hyperbolic 3-manifolds (namely that their volume
is a topological invariant, contrary to e.g. the 3-torus
whose size is arbitrary) and on the “semi-topological” ap-
proximation which is a way to take into the topological
constraints. I also restricted my analysis to the scalar
modes, but the conclusion will be alike for vector and
tensor modes since they are not generated after the time
ηdisp.
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